The plastic indentation of metal block by a flat punch,  September 1968 (70-12) by Chen., W. F.
Lehigh University
Lehigh Preserve
Fritz Laboratory Reports Civil and Environmental Engineering
1968
The plastic indentation of metal block by a flat
punch, September 1968 (70-12)
W. F. Chen.
Follow this and additional works at: http://preserve.lehigh.edu/engr-civil-environmental-fritz-lab-
reports
This Technical Report is brought to you for free and open access by the Civil and Environmental Engineering at Lehigh Preserve. It has been accepted
for inclusion in Fritz Laboratory Reports by an authorized administrator of Lehigh Preserve. For more information, please contact
preserve@lehigh.edu.
Recommended Citation
Chen., W. F., "The plastic indentation of metal block by a flat punch, September 1968 (70-12)" (1968). Fritz Laboratory Reports. Paper
398.
http://preserve.lehigh.edu/engr-civil-environmental-fritz-lab-reports/398

Solid Mechanics, Plasticity, and Limit Analysis
THE PLASTIC INDENTATION OF METAL BLOCKS BY
A FLAT PUNCH
by
Wai-Fah Chen
National Science Foundation
Grant Gk-3245 to Lehigh University
Fritz Engineering Laboratory
Department of Civil Engineering
Lehigh University
Bethlehem, Pennsylvania
October, 1968
Fritz Engineering Laboratory Report NOe 356.4
THE PLASTIC INDENTATION OF METAL BLOCKS BY A FLAT PUNCH
..'..
Wai-Fah Chen l \
Al?STRACT
Limit analysis is utilized to obtain upper and lower bounds of
the punch pressure during indentation of a square punch on a square block,
and a circular punch on a circular cylinder.
Reasonably close upper and lower bounds for the average pressure
over the square and circular punches are obtained, and are expressed as
functions of the ratio of block width to punch width .
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1. INTRODUCTION .
Upper and lower bounds for the indentation pressure have been
previously obtained for the indentation of an infinitely large block by
a flat-ended rigid punch. For a square punch and Tresca yield condition,
it was shown that the average collapse pressure for smooth and rough con-
tact surfaces lies between the values 5k and 5.7lk, where k is the maxi-
4
mum shearing stress permissilbe in the body •• For the case of axial
symmetry, the corresponding value is 5.69k or 6.05k depending on whether
~6
the punch is smooth or perfectly rough However, the problem of in-
dentation on a block of finite dimensions has not been attempted to date.
This is a relevant problem for the notched bar in tension, which is math-
ematically equivalent to a punch in compression.
The following work is essentially a continuation of those papers
referenced above. Here, as in Reference· 4, limit analysis is used to ob-
tain upper and lower bounds of the limit punch pressure during indentation
of a square punch on a square block, and a circular punch on a circular
cylinder. The material of the block and cylinder is assumed to be an
elastic-perfectly plastic material which obeys' the Tresca yield condition
and the associated flow rule.
2 . SQUARE AND CIRCULAR PUNCHES - LOWER BOUNDS
To obtain a lower bound for the average indentation pressure,
6,7
the discontinuous stress pattern in Fig. 1 (Winzer and Carrier ) is
found to be useful for extension into three dimensions. The pressure on
A-B has the value 2k(l + sina ) when the angle of the wedge is 2a. The
region vertically below D-E is in a state of uniaxial compression of mag-
nitude 2k(1 - sina).
The corresponding three-dimensional stress field for the square
punch is shown in Fig. 2. L-M-N-O is the square area of punch. The tri-
angular region A-B-C in Fig. 1 becomes the pyramid-shape volume L-M-N-O-C.
The four triangular faces of the volume are all inclined at an angle of
Y to the vertical. The triangular regions B-C-E and C-E-F in Fig. 1 be-
come the volumes M-N-S-R-C and R-S-C-F respectively. The line R-S is
parallel to the sides M-N and L-O of the square punch, and the rectangular
face M-N-S-R and triangular face R-S-C of the volume M-N-S-R-C are inclined
at an angle of a and Y' to the vertical respectively.
The pressure 2k( 1 + sina) on the square area is supported by
uniaxial compression of amount 2k in the-four "legs" of material, M-N-S-R
etc. This results in an all-round horizontal compression of amount q in
the pyramid-shape volume L-M-N-O-C. The uniaxial compression 2k is sup-
ported and carried down by the biaxial state of compression-tension of
amount Q', q' respectively, in the four volumes of material, R-S-C-F etc.
A simple tension of amount q' perpendicular to R-S in volume R-W-K-C
(Fig. 3b, not shown in Fig. 2) and similarly a simple tension q' per-
pendicular to T-V in volume V-W-H-C are added horizontally outside the
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volumes R-S-C-F and T-V-C-F, respectively. The line C-W is then the in-
tersection line of the volumes R-W-K-C and V-W-H-C. The stress system in
region H-W-K-F-C is assumed to be composed of two equal tensions of amount
q' acting in a horizontal direction, and region K-I-F-C or J-H-F-C is in a
state of tension-tension-compression of amount q', q', and Q' respective-
ly. For clarity, only two of the four supporting "legs" are shown in the
diagram. Fig. 3a shows the plan view through the square area of punch,
and Fig. 3b shows the plane section through the lines T-V and R-S. Sec-
tions by plane parallel to Fig. 3b, between the two points C and F, are
similar in"shape to the section shown in Fig. 3c, but are of varying size.
Fig. I is then the vertical section through the mid-points of the two par-
allel sides of the square.
The three-dimensional pattern, as shown in Fig. 2 and Fig. 3,
is a statically admissible stress field for the loading of a square punch
on a square block. The value Q 2k ( 1 + sina ) is, therefore, a lower
bound for the square punch on a square block for blocks whose width is
greater than tan2 (n/4 + a/2 ) times the width of the punch.
In order to increase the lower bound,. a vertical compression of
amount Q is superimposed in the volume vertically below the square area of
contact, increasing the pressure on the area to 2k(l + sina) + Q. In ad-
dition, a horizontal compression of amount Q is superimposed throughout
the material in a cylindrical volume which circumscribes the square area
of punch (Fig. 4).
The horizontal pressure Q in the cylinder is carried by a cir-
cular tube of interior radius 12a and exterior radius r which is in a
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stress state whose circumferential stress component may be taken to be
zero, and whose radial component is lZaQ/r at the exterior face r so that
the equilibrium conditions are satisfied for this tube. The second tube
between the interior radius r and exterior radius b is in the state of
fully plastic stress distribution, subjected to the internal pressure
iZaQ/r = 2k In blr [See Ref. 6, for example]. Therefore, the average
pressure on the square punch has the value 2k (1 + sina) + Q which may be
expressed as
pt = 2k ( 1 + sina )
(1)
r;; TI O! 1/2 {b 11 O! J- 1/ zl+ ,..12k [ 1 + tan4 (4 + '2) J 1n -; [ 1 + tan4 (4' + '2) J
valid for lQl < 2k.
The expression has a maximum value when a satisfies the con-
dition opt/oO! = O. This condition is
bIn -
a
1/2
= 1 - 12 casU' [ 1 + tan4 (11 + g) ]4 2
(2)
+ -21 In [ 1 + tan4 (lI +~) ]4 2
It can be verified that Tresca's criterion is nowhere violated
in the resulting stress field, so that the stress field is statically ad-
2
missible and, by the Lower Bound Theorem of limit analysis , the value
given in expression (1) is a lower bound for the collapse value of the
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average indentation pressure p. The values of pt are plotted against b/a
in Fig. 5 (marked I).
The stress field in Fig. 2 can be modified, so that it applies
to any area of contact which is convex. This follows directly from the
fact that any convex area of contact can be closely approximated by an
inscribed polygon. The associated stress fields below the area of con-
tact, which may be visualized as supporting "legs" on each side of the
polygon (in a manner essentially the same as shown in Fig. 2), do not
overlap one another as long as the contact area is convex. In particular,
the relevent formula for the average indentation pressure of a circular
punch on a circular cylinder can be obtained directly from Fig. 4, by
using an inner circular tube of interior radius a and exterior radius
r = a tan2 (n/4 + a/2). The relevant lower bound formula is found to
be given by
tp (3 )
This expression has a maximum value when a satisfies the condition
opt/oa = 0, which yields
bIn - =
a
2 11 a 11 et. 11 O!I - cosO:' cos (- + -) cot (- + -) + 2 In tan (- + -)4 2 4 2 4 2 (4)
Values of pt are plotted against b/a in Fig. 5 (marked II).
For a circular cylinder for which b/a is greater than 3.59
(rough punch) or 3.20 (smooth punch), the average indentation pressure
-5-
becomes equal to that of a circular punch on the surface of a semi-in-
3,5
finite solid (6.0Sk for a rough punch or 5.69k for a smooth punch ).
A lower bound for the indentation pressure of this limiting case by a
square punch can be obtained by multiplying the circular case by n/4.
This follows directly from the fact that the square area of contact can
be inscribed by a circular area, so that the average indentation pressure
over the square area is na2 /4a2 = n/4 times the lower bound value for a
circular punch (the indentation pressure outside the inscribed circle is
assumed zero).
These limiting values of the lower bound are also plotted a-
gainst b/a in Fig. 5, and are joined by a smooth curve with some of
the previously obtained corresponding points (marked III, IV, V, and
VI. Curves III and V for rough punches and curves IV and VI for smooth .'
punches).
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3. SQUARE AND CIRCULAR PUNCHES - UPPER BOUNDS
An upper bound for the punch pressure in the indentation of a
square punch on a square block can be obtained from the velocity field
in which the volume A-B-E-C-D. slides as a rigid body along the diagonal
direction A-D (Fig. 6). Equating the rate of internal energy dissipation
to the rate of external work yields the upper bound
up
2 1/2
k ( 1 +.!::) (2 + tan2 ~)
a 4 sin~ (5 )
The upper bound has a minimum value at the point ~ = 50°, when
it has the value
up O.604k ( 1 + £ )
a
2
(6)
Thus, for a punch for which b/a = 2, expression (6) gives the
value 5.42k, so that 5.42k is an upper bound for the collapse pressure.
uThe almost straight line (dashed line) in Fig. 5 shows the values of p
i(
plotted against b/a .
The velocity field in Fig. 6 may be modified to provide an upper
bound for the collapse pressure in the circular punch problem. Only the
plan view of the modified velocity field is shown in Fig. 7. The planes
A-B-D and A-C-D are planes of velocity discontinuity. The volume A-B-E-
C-D slides as a rigid body along the direction A-D in a similar manner
.1..
R For b/a < 1.5, the rigid body sliding along one side of the square
punch gives upper bounds which are slightly less than those obtained
by the rigid body sliding as shown in Fig. 6.
-7-
to that shown in Fig. 6. Application of the Upper Bound Theorem of limit
2
analysis gi'V'es
u k _1/2 b 2 1/2p csc~ [ 1 + tan2 S csc2 0 J [ (
-
1 ) + coto
11
a2
(7 )
+ ( o + sin_la ) b2 Jb
a2
The minimum value of the upper bound value u in Equation (7)p
is furnished by the simultaneous conditions
u
.9.L = 0
00
which leads to
(8)
sino = tan2 ~
and
[ 1 + sino ] [ ~ tano - 2 ~ csc20 ] - ~ coto - ~ 0
(9a)
(9b)
The almost straight line (solid line) in Fig. 5 shows the values
of pU plotted against b/a.
There is no relative motion across the area of contact between
the punch and block (Figs. 6 and 7), so that the upper bou~ds in expres-
sians (5) and (7) ~re applicable to both rough and smooth punches.
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4. CONCLUSION
Three-dimensional punch problems dealing with the indentation
of a square punch on a square block, and a cricular punch on a circular
cylinder are of considerable difficulty at the present stage of elastic-
plastic analysis. However, as in the early work on the indentation of a
4
punch on an infinitely large block , or in the more recent work on the in-
1
dentation of concrete blocks and rock , the limit theorems of pe!fect plas-
. 2
ticity can be used to determine upper and lower bounds for the punch pres-
sure during incipient plastic yield of the block.
Suppose the question is asked, what ratio bla is needed in order
to support the force 4k (na2 ) in the circular punch problem? The lower
bound curve of Fig. 5 provides the information that 2.4 is sufficient,
but will a smaller ratio be enough? There is no reason to suppose that
the minimum value has been found, since the upper bound curve indicates
that any ratio less than 1.5 is unsafe. This then suggests the use of
average curve between upper and lower bound which is, in fact, quite close
to a straight line (denoted ·b.y dash and small circle in Fig. 5). The
average curve for the square punch is not show~, but may be determined in
a similar manner to that described above.
- 9-
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Fig. 1 Discontinuous Stress Field for Loaded Wedge
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Fig. 2 Stress Field for Three-Dimensional Square Punch
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Fig. 5 Upper and Lower Bounds for a Square Punch
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Fig. 6 Velocity Field for. S4uare Punch on Square Block
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PLAN VIEW
Fig. 7 Modification of Velocity Field of Fig. 6 to
Circular Punch on Circular Cylinder
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Fig. 9 Modification of ~he Velocity Field in Ref. 4
to Square Blocks
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7. APPENDIX
Three-Dimensional Square Punch--Alternative Upper Bounds
(a) Upper Bound I
A simple discontinuous velocity field for the square punch is
shown diagrmmmatically in Fig. 8. L-M-N-O is the square area of the punch,
and the initial downward velocity of this area is taken to be V. The down-o·
ward movement of the pyramid-shape volume L-M-N-O-C is accommodated by move-
ment of the four rigid volumes M-R-S-N-C-T, etc. as indicated in Fig. 8(a).
For clarity, only one of the four volumes is shown in the diagram. The
lines M-R and N-S are parallel to the sides L-M and O-N of the square punch.
Fig. 8(b) shows the vertical cross section through the mid-points of the
two opposite sides of the square.
Since the velocity field is symmetrical about the two diagonal
vertical planes passing through the opposite corners of the square, we
need only to consider that part of the velocity field which supports the
pressure on one-fourth of the punch. The internal dissipation of energy
is due to the discontinuity surfaces between the material at rest, and the
material in motion (surfaces M-R-T-C and N-S-T-C), and the discontinuity
surface M-N-C where the two rigid materials have a relative velocity
V sin[3 / sin (crl'[3.) •o ~
The discontinuous surface M-R-T-C is of area:
b b2[ ( 2 - - 1 ) ·cot~ + - cot{3 ] [ 1 +. ( cota
a a2
(10)
_2 1/2
+ !? cot(3) ]
a
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and the triangle surface M-N-C is of area
1 a
2 (2a) (sinQ) (11)
The rate of dissipation of energy is found by multiplying the area of each
discontinuity surface by k times the discontinuity in velocity across the
surface, and summing over all the surfaces.
The rate of external work is:
pa2 V
o
(12)
Equating the rate of total internal energy dissipation to the rate of ex-
ternal work yields
b
+ -; cot{3 )
u
L
k
sinO! b b2[ ( 2 - - 1 ) coto! + -- cot~ ] [ 1 + ( cotasin(a+~) a a2
_2 1/2] + sinS
sinO' sin(a+i3)
(13)
With b/a = 2, the expression has the value 5.54k near the point
°a = 30°, {3 = 70. It may be noted that the expression is not sensitive to
the variables a and ~, so that 5.54k is almost the best upper bound for the
collapse pressure.
(b ) Upper Bound II
The velocity field used in Ref. 4 can be modified so that it can
be used to provide upper bounds for the average limit pressure of the square
-22-
punch problem. The diagram shown in Fig. 9 is essentially the same pic-
ture as given in Ref. 4 so that, in the interest of brevity, only the
relevant expressions will be given here.
Area M-T-S-E
1/2
- a [ 1 + sin2~ J(Area B-E-S-R)
a sin~
(14 )
2
where
f(a,(3)
a 2 _2 1/2sin~ cota [ 1 + sin ~ J f(~,~)
b 2
1 - [ tana csc~ ( 1 - ) + seca ]
a
o < f < 1
1/2
Area C-M-D 1 (a cos~) (a sin~) ~ 1 + sin2 @ ]= -2 a sin~
1 1/2
:::; - a2 cosf3 [ 1 + sin2 ~ ]2
2 a [ 1 + sin2 S
1/2
1 ]Area M-D-E = - (a+~) (a sin~)2 a sin[3
a 2 2 1/2
= Z- (a+~) sin~ ( 1 + sin ~)
(15)
(16)
Application of Upper Bound Theorem of limi t analysis dete'rmines the upper
bound
u 1/2t- = a + ~ + ( 1 + sin2~ ) [ a + ~ + cot~ + cota f(a,~) J (17)
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The function f(a,~) varies from 0 to 1. When f = 0; the angle a is then
zero, and the lines N-W, M-T, and E-S are all parallel to the sides L-M
and N-O of the square punch. When f = 1; the points F and R will be co-
incident, and the velocity field reduces to the field given in Ref. 4.
For f > 1, the solution is independent of the ratio bla, and the local so-
lution, as given in Ref. 4, will govern. Here, the upper bound has the
minimum value 5.80k when a and ~ are approximately 47° and 34°, respect-
ively (b/a ~ 1.767).
It is found that the modified velocity field in Fig. 9 gives
upper bounds which are higher than those obtained by the local solution
5-.80k. For example, for bla = 2, the Expression 17 has the minimum value
6.l2k when ~ and ~ are approximately 200 and 60°, respectively. Expres-
sion 17 is found to he insensitive to the variables a and ~, and thus the
local solution 5.80k will be applicable for all blocks for which b/a is
greater than 1.767.
-24-
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8. NOMENCLATURE
punch width
block width
bottom width of a truncated wedge stress
field shown in Fig. 1
function defined in Equation (14)
maximum shearing stress permissible in the body
average punch pressure
horizontal stress
vertical pressure
radius, see Fig. 4
velocity
angular parameter
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